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Abstract 

We give a new method for calculation of complex and biHermitian structures on low dimensional real 
Lie algebras. In this method, using non-coordinate basis, we first transform the Nijenhuis tensor field and 
biHermitian structure relations on Lie groups to the tensor relations on their Lie algebras. Then we use 
adjoint representation for writing these relations in the matrix form; in this manner by solving these matrix 
relations and using automorphism groups of four dimensional real Lie algebras we obtain and classify all 
complex and biHermitian structures on four dimensional real Lie algebras. 
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1 Introduction 



Calculation of complex structures on homogeneous complex manifolds and especially on Lie groups is important 
from both mathematical and physical point of view. Mathematically, classification of these manifolds is based 
on determination of possible complex structures. From the physical point of view these structures have an 
important role in the N=(2,2) supersymmetric sigma models [T]. It is shown that the N=(2,2) extended 
supersymmetry in sigma model implies the existence of biHermitian structure on the target manifold such that 
the complex structures are covariantly constant with respect to torsionful affine connections (see for example 
[2] and references therein). Furthermore, it is shown that the algebraic structures related to these biHermitian 
structures for N=(2,2) supersymmetric WZW models are the Manin triples [3], [4]. For these reasons, the 
calculation of the complex and the biHermitian structures on manifolds especially on Lie groups, are important. 
Samelson [5] shows that compact Lie groups always admit an invariant complex structure . As for the non- 
compact case, Morimoto [5] proves that there always exist invariant complex structures on any even dimensional 
reductive Lie groups. In [7 and 8 , complex structures on real four dimensional Lie algebras are classified. The 
method used in this works is special and seems not to be adequate for the calculation in higher dimensions. 
In the present paper we give a new method for this purpose, which can be applied for low dimensional Lie 
groups . In this method, using non-coordinate basis, we first transform the Nijenhuis tensor on Lie groups to 
algebraic tensor relations on their Lie algebras. Then, using adjoint representation we rewrite these relations 
in the matrix form. Finally, we solve these matrix relations using Maple. In this research we perform this for 
real four dimensional Lie algebras. The results for some algebras are different and complete with respect to [8]. 
Furthermore, calculation of biHermitian structure for four dimensional Lie algebras is new . 
The paper is organized as follows. In section 2, using non-coordinate basis, we transform the Nijenhuis tensor 
relation on a Lie group to the algebraic tensor relation on its Lie algebra. Then, using adjoint representation, we 
write these relations in the matrix form. The relations can also be obtained from definition of complex structures 
on Lie algebras as endomorphism of them. Then, in section 3 using Maple we solve these matrix relations to 
obtain complex structures on real four dimensional Lie algebras. In this process, we apply automorphism groups 
of real four dimensional Lie algebras for obtaining non-equivalent complex structures (table 1). We then compare 
our results with [7] and |8]. Note that here we use Patera etal [9] classification of real four dimensional Lie 
algebras. The list of Lie algebras and their automorphism groups [lOj are given in appendix. In section 4, we 
first transform the tensorial form of the biHermitian relations on Lie groups into the algebraic tensorial relations 
on their Lie algebras. In this respect, we define biHermitian structure on Lie algebra independently and give 
an equivalent relation for obtaining non equivalent biHermitian structures. Then using adjoint representation 
we rewrite these relations in the matrix forms and solve them by Maple. Therefore, the present paper will be a 
continuation to the discussion of biHermitian structure on real four dimensional Lie algebras. Some discussions 
are given in the conclusion section. 

2 A brief review of complex structures on Lie groups 

Definition 1: Let M be a dijferentiable manifold, then the pair (M,J) is called almost complex manifold if there 
exists a tensor field J of type (1,1) such that at each point p of M , = —1; tensor field J is also called the almost 
complex structure. Furthermore, if the Lie bracket of any vector fields of type (1, 0) X,Y G TpM'^ is again of 
the same type, then the complex structure Jp is said to be integrable, where TpM~^ = {Z G TpM'-^ \ JpZ = +iZ}. 

Tiieorem (Newlander and Nirenberg [llj) : An almost complex structure J on a manifold M is integrable 
if and only if 

N{X,Y)=0 yX,Yex{M), (1) 

where xij^) '■s set of vector fields on M and the Nijenhuis tensor N : x(M) x{M) — > x(-^) '■^ given by 

N{X, Y) = [X, Y] + J[JX, Y] + J[X, JY] - [JX, JY] . (2) 

In the coordinate basis, i.e the basis {e^ = gfjr} and {dx'^} for vectors and dual vectors (forms) respectively 
on M, the almost complex structures and Nijenhuis tensor are expressed as J = J^'^Ci, ® dx^ and 
N = Nfi^^dx^ (g) dx^ ® e\ respectively and the integrability condition (2) can be rewritten as follows : 

A^K.'^ = Jx^{d,Ju^) + j/(aA Jk^) - JA^(a. J«^) - J«^9a J.^ = 0. (3) 
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Meanwhile, the relation = — 1 can be rewritten as 

Ja" J/ = -Sx"- (4) 

Furthermore one can rewrite the above equations using the non-coordinate basis {ca} and {O"} for vectors and 
forms on M. For these basis we have 

Ca = ea'^e^ , e GL{m, R) , (5) 

where for the vierbeins and its inverse e"^ we have 

eV/ = ^"/3 . eV«' = V- (6) 

The dual basis {0°'} are defined by < 9"',ep >= d"^ and we have 0°' = e" ^dx'^ . Furthermore, the vierbeins 
satisfy the following relation: 

/a/ = e\{e^''d^e0'' - e/S^e^^^) , (7) 

if M is a Lie group manifold G then fai3^,s are structure constants of Lie algebra g of G. Now on these bases 
the tensor J = J^^e^, ® dx'^ can be rewritten as 

J/ = e^^jJep- , (8) 

where J^^ is an cndomorphism of g, i.e. J : g — > g . Now by applying this relation to (4) we have the following 
matrix relation for matrices Ja^: 

J^ = -I . (9) 

Furthermore, by applying relations (7) and (8) to tensor equation (3) and using (6) and assuming that Ja^ and 
Qafi are independent of coordinates of G, after some calculations we have the following algebraic relation for(3): 

f0a^ + Ja^ Jj US^ - Jj faS ^ + J^" faJ = 0- (10) 

Finally, using adjoint representations 

fpc.-^ ^-{y^),3c. , fpo.-^ ^ -{XP)0.\ (11) 

the relation (10) will have the following matrix form: 

y" + jy^ Ji3°' + j/s" yf' J' -jy" J' = Q , (12) 

or 

Xa + J Xa J + Ja'^ XP J - Ja'^ J XH = ^ ■ (13) 

Note that the above equation can also be obtained from the definition of complex structure on Lie algebra g as 
follows. 

Definition 2: An integrable complex structure on a real Lie algebra g is an cndomorphism J of g such that 

a) J2 = -Id, (14) 

b) [X, Y] + J[JX, Y] + J[X, JY] - [JX, JY]=0, VX,Y eg. (15) 
Now if we use {Xa} as basis for Lie algebra g with the following structure constants: 

[X^,X0]=f^0^X^, (16) 

and use the following relation for J: 

JX„ = JJX0 , (17) 

then relations (14) and (15) can be rewritten as (9), (12) or (13). Now, in order to obtain algebraic complex 
structures Ja^ , it is enough to solve equations (9) and (12) or (13) simultaneously . We do this for real four 
dimensional Lie algebras in the next section. 
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3 Calculation of complex structures on four dimensional real Lie 
algebras 



In this section we use the Patera etal classification [9] of four dimensional real Lie algebras . The commutation 
relations and the automorphism groups of these Lie algebras are given in the appendix 0. Now one can write the 
adjoint representation (y) for these Lie algebras and then solve the matrix relations (9) and (12) for obtaining 
complex structures. We do this by Maple. Note that in this process one can obtain equivalent complex 
structures; to avoid these and in order to obtain inequivalent complex structure we use the following equivalent 
relation: 

Definition 3[8j ; Two complex structures Ji and J2 of Lie algebra g are equivalent if there exists an element 
A of automorphism group of Lie algebra g (Aut(g)) such that: 

J2 = A Ji A-^ . (18) 

Note that this relation is an equivalent relation. 

In this way, we do this and obtain all non-equivalent complex structures on four dimensional real Lie algebras. 
The results are classified in table 1 H. As the table shows 21 out of 30 real four dimensional Lie algebras have 
complex structures. To compare these results with results of j8] first we must obtain the isomorphism relations 
between the four dimensional real Lie algebras presented in [S] and those presented in [8^,. According to the 
calculations in |:8: and il2! we have isomorphism relations as summarized in the following table: 



4Ai 


^4,1 


^4,2 


A4,3 


A4,4 


.a,b 
^4,5 


^4,6 


^4,7 


^4,8 


^4,9 


j44,10 


Aa 
^4,11 


^4,12 


04 


n4 


r4,a 


t4,0 




t4,a,f) 


t4,a,6 


[14 


O4 


04,1/1+!) 


f4,0 


04,0 


aff(C) 



A2 ffi A2 


II ®R 


III®R 


IV ®R 


V®R 


Vh®R 


Via ® R 
(a/ 0,1) 


viio e R 


Vila e R 

(a/0) 


r2r2 


rf)3 






tra.i 


tra.-i 









In this respect, one can see that in [8] one complex structure is obtained for Lie algebra VIIq + R but according 
to our calculation this Lie algebra has two non-equivalent complex structures. For non-solvable Lie algebras 
VIII + R and IX + Rwe obtain complex structures. In [8], two complex structures are obtained for Lie algebra 
8 but here we obtain four complex structures to this Lie algebra. Furthermore, two complex structures are 
obtained for Lie algebra A41Q in [8j, but according to table 1 we obtain four complex structures for this Lie 
algebra. Meanwhile, in [5], two complex structures are obtained for Lie algebra ^4^12 but here we obtain three 
complex structures for this Lie algebra. The results for other Lie algebras are the same as [5]. 



^ Note that for decomposable Lie algebra (L3 © R) we use Bianchi classification of real three dimensional Lie algebras L3. 
^Note that in this table the bases are shown with {e^} instead of {^a} 
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TABLE 1 : Complex structures on four dimensional real Lie algebras 



Lie Algebra 


Complex Structures 


III®R 


Jei = —62 , J63 = 61—64 


A2®A2 


Jei = -62 , J63 = -64 


II (BR 


Jei = —64 , J62 = 63 


V®R 


Jei = —64 , J62 = 63 


viio e R 


J161 = -62 , J163 = -64 

^261 = 62 , J263 = —64 


Vila ® R 

(a/0) 


J161 = -64 , J162 = 63 
J261 = -64 , J262 = -63 


V 1 1 1 -ft 


T / :, ^ T /- 1 _ ,7-1 „ 1 (n-^ A £3 . n IHL HP \ 

jei — — 62 , J 63 — 7763 — i^ii-j>je4 t^j>tii^j 


r y m p 


J61 — —62 , J63 — P63 — (L + p j64 [p fc Mj 


Ala 


J6l = 62 , J63 = 64 


^a,a (_1 < a < l,a / 0) 


Jei = -64 , J62 = 63 


^4 5 (-1 < a < l,a / 0) 


Jei = 63 , J62 = 64 


"1 "1 

^4,5 


Jei = —63 , J62 = —64 


^4,6 

(a 7^ 0, 6 > 0) 


J161 = 64 , J162 = 63 
J261 = 64 , J262 = -63 


^4,7 


Jei = 62 , J63 = —64 


^4,8 


J161 = 62 , J163 = 64 
J261 = -63 , J262 = -64 
Jsei = 62 , J363 =62 + 64 
^461 = -(61 + 263) , J4e2 = -(ei + 62) - 2(63 + 64) 


(0<|6|< 1) 


J161 = -662 , J163 = 64 
J261 = -63 , J262 = -64 


4I 

^4,9 


J161 = -63 , J162 = -64 

J2ei = 64 , ,72 62 = -63 

J361 = -64 , J362 = -63 


^4,9 


Jei = —63 , J62 = —64 


^4,10 


Jie2 = -6i + e3 , J163 = -61 - 62 + 63 + 64 
J2e2 =61+63 , J263 = -61 -62-63 + 64 
J3e2 = —ei - 63 , J3e3 = 61 + 62 + 63-64 

J4e2 = —61 — 63 , J463 = -61 +62 — 63 + 64 


Aa 

^4,11 

(a > 0) 


J161 = 64 , J162 = -63 
^261 = 64 , J262 = 63 
J361 = -64 , J362 = -63 
J461 = -64 , J462 = 63 


^4,12 


J161 = 62 , J163 = 64 

J261 = -62 , 7263 = 64 
J361 = 64 , J362 = 63 
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4 BiHermitian structures on four dimensional real Lie algebras 

Definition 4 [1] [2] :// the complex manifold M has two complex structures J± such that it is Hermitian with 
respect to both complex structures, i.e. 

4^-1, (19) 
N^.''{J±) = , (20) 
J±M^ 5A„ ^±." =3^-, (21) 
and furthermore if these complex structures be covariantly constant with respect to certain connections 



with 



V^t J±i^^ = J±i^^^f_,+'r'^p^J±:y''-^'^/j±p^ = 0, (22) 

T/ji/ i Tpi, , Tfj^i, Hpyj^g ' , (23) 
then it is said that M has biHermitian structure, shown by {M,g,J±). 

In the above definition gpu,^iiu^ and -ff^i,^ are metric , Christoffel connection and antisymmetric tensors on M 
respectively. Using (22), the integrabihty condition (20) may be rewritten in the following form [5]: 

HsuX ~ J±&' J±v^iiap\ + Jj^gP Jj^x' H^rpu + J±i,'^ J±x^ Her pS ■ (24) 

Furthermore, by introducing the Kahler forms 

J±u\ (25) 

and by use of (22) one can find 

{duj±)ppi, = ±{H„ppJ^i^ + HcrpuJ±p + Hc,upJ±p), (26) 

where ^ 

(du±)x„^ = -{d\uj±cy-f + daU!±f\ + d^u±x„). (27) 

Finally, using (25) and (26) one can find 

Hpvp = ^J+pJ+vJ+p{di^+)x(T-f = -J-pJ-vJ-p{'^-)xTi- (28) 

In this respect, the target manifold {M,g, J±) is said to have biHermitian structure if two Hermitian complex 
structures J± satisfy the relation (28) (i.e. relation between {J-^-,Lu^) and (J_,a;_)) which defines the torsion 
H. Now, for the case where M is a Lie group G, similar to the process presented in section 2 one can transform 
relations (19) — (22) and (24) to the algebraic relation using the relations (6), (7) and the following relations: 

gap = La^Lp" gpi, ~ Ra^Rp" gpv , gpy = pL^ ^gap — R°' pR^ vgap, (29) 

Hpup = —L'^pL^^L^pHaPy ~ "i^R"^ pR^ yR^ pHap^^ (30) 
J+p'^ = R"' pJa^ Rp^ , J-p^ — L"' pJa^ Lp^ , (31) 

where L°'p{R°'p) and Lp'^{Rp'^) are left(right) invariant vierbeins and their inverses respectively. Now using 
these relations , (21) and (24) transform to the following matrix relations: 

Jgj' = g, (32) 

Ha, = J{HpjJ) + Ji/„ J* + {HpjJ)j\ (33) 
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where {Ha)i3-y = Hap-y- Furthermore, using the fohowing relations [13j 

and assuming that gajS are coordinate independent; the relation (22) transforms to the following algebraic 
relatiorQ: 

J{H^ - Xag) = (J(i?a - Xa5))*- (36) 

Note that the metric gap is the ad invariant metric on Lie algebras g .i.e. we have 

{Xa,Xp)=ga(3, (37) 

{Xa,[Xi3,Xy]) = {[Xa,Xi3],Xj), (38) 

or in matrix notation we have^l 

Xc.g = -(Xaff)*. (39) 

Now, one can obtain biHermitian structures on Lie algebras by solving relations (9), (12), (32), (33), (36) and 
(39) simultaneously. These relations can be applied on the Lie algebra as a definition of algebraic biHermitian 
structure on g ; 

Definition 5: // there exist endomorphism J : g ^ g of Lie algebra with ad invariant metric g and anti- 
symmetric bilinear map -ff : g Cg) g — > g such that the relations (9), (12), (32), (33), (36) and (39) are satisfied, 
then we have biHermitian structure { J,g,H) on g. 

Note that relation (33) is equivalent to matrix relation of integrability condition i.e. relation (12) . For this 
reason, first it is better to obtain algebraic complex structures J, then solve relations (32), (36) and (39) and 
finally check them in (33). We do this for real four dimensional Lie algebras using Maple. Note that similar to 
complex structures, in order to obtain non-equivalent biHermitian structures we suggest the following equivalent 
relations. 

Definition 6 .• Two biHermitian structures (J, g, H) and {J,g,H) of Lie algebras g are equivalent if there 
exists an element A of automorphism group of Lie algebra g (Auto g) such that: 

j'^AJA-\ (40) 

9 = AgA\ (41) 
h'^ ^ A{HpAj)AK (42) 



These relations are equivalent relations and are satisfied in the equivalent conditions. Note that if /^g-y" = 
Hsp-yg^" or H is isomorphic with /, i.e. if there exists isomorphism matrix C such that 

Cr"C* ^Y^Cp", (43) 

where {Y°')p^ — —fp-y" and {Y°')p^ ~ —Hsp^g^"; then {J,g,H) shows the Manin triple structure on g[4]. In 
this way biHermitian structures on real four dimensional Lie algebras can be classified as table 2 . Note that 
according to the table for Lie algebra we have two non-equivalent biHermitian structure {J,g,H) where 

^Note that in these relations all algebraic (target) indices are lowered and raised by gapidi^v); furthermore, these indices transform 
into each other by La'^ (Ra^) or L°'fi(i?"^). The symmetrization notation have the following form: /a''"''' = fa^'^ + fa^''- 
*This relation can also be obtained from algebraic form of (28). 

^For semisimple Lie algebras, the Killing form is one of nondegeneratc solutions for this equation and other nondegenerate 
solution may exist. For nonsemisimple Lie algebras the Killing tensor degenerates and there may exist nondegenerate solution for 
(39). 
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the second biHermitian structure shows the Mamn triple structure of ^4^3 [1] (i-e- ^4,8 is a Mamn triple of two 
dimensional Lie bialgebras (type B and seniiabelian)[13|) for the following values of parameters: 

Cl = C2 = C3 = C4 = C5 = Cg = C7 = Cg = Cio = Cii = Ci3 = C14 = , C12 = C15 = -1. 

For Lie algebras VIII © R, there is one biHermitian structure where this structure, for the values 

di ^ d2 ^ di = ffs = dj — dg, = dio = dn = di2 = dn = dis = die = , (ig ^ , da = — rfg = a, 

is isomorphic with two dimensional Lie bialgebra type A [14] . There exists one biHermitian structure for 
Lie algebra IX © R. The results are given in table 2 [f]. Note that the isomorphism relation (43) (i.e. the 
biHermitian structures which show Manin triple) are independent of the choice of special biHermitian structures 
from equivalent class of biHermitian structures. In this way if relation (43) holds ; then hy Y " = —H^g and 
using relations (42) and (43) one can show that 

{AC)Y''{ACf = f "(ylC)a''. (44) 



TABLE 2 : biHermitian structures on four dimensional real Lie algebras 



Lie Algebra 



Complex Structures 



antisymmetric tensor 



A. 



4,8 



Hi = 



/ 1 \ 

-10 

1 
\ 0-10/ 



/ 1 \ 

0-10 
0-100 

\ 1 y 



Ho 



H. = 





-bi 

-1 



-64 
-65 

66 



Ha 



1 



V 



-68 
-69 
610 


-612 
-613 
+ bi4 



bi 


-b2 
-1 

64 


-be 

68 



-610 

-l-6g 
612 



-614 
-613 



1 

62 

-bi 
65 
be 


-67 
6g 
610 


-611 

613 

614 



-615 



-62 

1 

63 



-be 
65 
67 


-610 
1 + 69 
611 


-1-614 
613 
615 




J = 



r 





-1 


' \ 











-1 


1 











Vo 


1 





/ 



.9 = 



/ -1 \ 

10 

10 

\ -1 / 



Hi 



H2 = 



H. 



H. = 



V , - 





-ci 

-C2 
-C3 

■ 

C5 + 1 
C7 



-eg 
-cio 
-cii 





-Cl3 
-Cii 
-Cl5 



Cl 



-C3 

-C4 - 
C5-I 



-C7 
-C8 

cg 


-cii 
-C12 

Cl3 



1 - Ci5 

-C16 



C2 
C3 





C3 

C4 
Cl 





C6 
C7 



-C5 



C8 



C5 



Cio Cii ^ 
Cll C12 
C9 
-eg 

Cl4 
1 + Ci5 



-Cl3 



Cl5 \ 

C16 
Cl3 

/ 



°Note that results of table 1 are solutions of the equations (9) and (12). But the results of table 2 are solutions of (9), (12) and 
(32), (33), (36), (39) so the results of table 2 can also be solutions of these equations which must be consistent with H and g . 
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TABLE 2 : biHcrmitian structures on four dimensional real Lie algebras 



Lie Algebra 



Complex Structures 



9 



antisymmetric tensor 



VIII © R 



/ -1 \ 

10 

-1 

\ 1 y 



/ -a \ 

-a 

a 

\ a/ 

aeR-{0} 



H2 





-di 
-d2 
d^ — a 


-ds 

V d7 - 

( 

-dg 

-dio 
dii 


-di3 
-di4 
V di5 



di 


d2 





dg 


-dg 





-d2 


-d4 


ds 


dg 





dy 


7 

-d-j 


u 


J 

cLq — a 


7 

-ds 


dg 


7 

dio 


u 


7 

dii 


7 

-dii 


I) 


-dio 


-di2 


dig 


di4 


u 


di5 


-di5 


u 


-di4 


7 

-die 





/i 







-/2 





-/l 


-h 


/4 


h 





h 


-/e 







-/r 


/s 


h 





fio 







-/9 


-/ii 


/l2 


/l3 





/l4 


-/l4 





^/l3 


^/l5 



-dg + a 
d2 
d4 


-d7 
dg + a 
ds 


-dii \ 
dio 
di2 


-di5 
di4 
die 




IX ®R 



r 


-1 







1 




















-1 







1 


/ 



/ /3 \ 
0^00 

0/30 

\ /3 / 

/3 e i?- {0} 



i?i = 



^2 



H4 = 






-h 
h+P 


-h 
-k 

\k - 

-/g 

V /lO 

/ 

-/l2 
/l4 



-/2-/3 

/l 
/3 



-k 
k-p 

h 



-/lo \ 
k 

hi 



-/l4 \ 
/l3 
/l5 




Note that bi,Ci,di, fi are all real parameters. 



5 Conclusion 

We offered a new method for calculation of complex and biHermitian structures on low dimensional Lie alge- 
bras. By this method, we obtain complex and biHermitian structures on real four dimensional Lie algebras. In 
this manner, one can obtain these structures on Lie groups using vierbeins . Some biHermitian structures on 
real four dimensional Lie algebras are equivalent to Manin triple structure obtained in |14j . One can use these 
methods for obtaining complex and biHermitian structures on real six dimensional Lie algebras |15| . We also 
apply this method for calculation of generalized complex structures on four dimensional real Lie algebras [16] . 
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Appendix 

Real four dimensional Lie algebras and their automorphisms groups [9]. |10] 



TABLE A: Classifications of four dimensional real Lie algebras 



Lie Algebra 


Non Vanishing 
Structure Constants 


Automorphisms group 








III(SR^ (A2©2Ai) 


/i 2 = ^ 1 1 /i 2 = ^ 1 
I /1 1 — 1 ' /1 1 — 1 


/ 

V 


1 ai 82 03 
as 84 — ag 
a4 85 ag 
ay —ay ag 


\ 
/ 




/i 2 = 1 ; /34 = 1 




/ 1 ai \ 
a2 
1 as 

\ a4 / 




II® (Aa,! © Ai) 


/I3 = 1 




a2ar — a^ae ^ 
ai 02 03 04 
as ag ay ag 
\ ag ain y 




IV (^3,2 ® Ai) 


/i 2 — ^ 1 ' /i 2 — 1 ' /i 3 = ^ 1 




/I ai 02 a3 \ 
a4 as 
a4 

loo ag / 




V®R'^ {A3^3®Ai) 


/f2 = = 




/ 1 ai a2 a3 \ 
a4 as 
ag ay 

loo ag / 




VIo^R"^ {AsaOAi) 


/l3 — 1 ! /23 — 1 




/ a2 ai \ 
ai a2 
a3 a4 1 as 

I ag / 




VIa®R^ {Al^®Ai) 


/f2 = -«,/f2 = -l 




/ 1 ai a2 a3 \ 
as a4 
a4 as 

\ ag / 




VIIo(BR^ (^3,6 ©^1) 


/23 = 1 1 /l 3 = ^ 1 


/ 


' as -ai ' 
ai a2 
a3 a4 1 as 
ag ^ 


\ 
/ 


Vila ® i? = {Al^ ® Ai) 


,/f2 = -fl,/f2 = l 




1 ai a2 a3 
as — a4 
a4 as 
^ ag ^ 


/ 
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TABLE A: Classifications of four dimensional real Lie algebras 



Lie Algebra 


Non Vanishing 
Structure Constants 


Automorphisms group 


(^3,8©^i) 


fii = 1 1 /l 2 — ^ 1 1 /Is = 1 


Ai 


IX ®R^{A3,9®Ai) 


/si = 1) /l2 = 1) /23 = 1 


A2 


^4,1 


/24 = 1) /34 = 1 




/ a^as 
0207 0307 
ai a2 as 


/ 


Aa 
^4,2 


/l4 = ^) /24 = 1 
) /m = 1) /34 = 1 




/ ai \ 
aa 
a2 03 

\ a4 Uf, 1 / 




^4,2 


/l 4 = 1 1 /24 = 1 
) /34 = 1) /34 — 1 




/ ai aa \ 
as 
as 04 05 

\ afi a? as 1 / 






/l4 = 1) /34 = 1 




/ ai \ 
a2 

aa 02 
V a4 ats Ofi 1 / 




A4,4 


/l 4 = 1 ) /24 = 1 ) /24 = 1 
) /m = 1> fti = 1 




/ aa \ 
a2 as 
ai 02 03 

\ 04 05 oe 1 / 




Aa,b 
^4,5 


/l4 ~ /24 ~ 

,fl4 = b 




/ oi \ 
02 
os 

y 04 05 og 1 y 




J a, a 
^4,5 


fl4 = 1 ; /I 4 = 

, /34 = a 




/ oi \ 

02 Os 

04 05 
\ oe 07 as 1 / 




Aa,l 
^4,5 


fl4 — 1> /24 = 
,/l4 = l 




/ 01 02 \ 
aa 
04 05 

y 06 07 as 1 / 




^4,5 


/l4 = 1) /24 = 1 
,/l4 = l 


/ 

V 


oi 02 oa 

04 05 Oq 

07 Os 09 
oio Oil ai2 1 


\ 
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TABLE A: Classifications of four dimensional real Lie algebras 



Lie Algebra 


Non Vanishing 
Structure Constants 


Automorphisms group 


Aa,b 
^4,6 


/l4 ~ ^) /24 ~ ^' ~ ~^ 




/ ai \ 
aa -a2 
02 03 

\ a4 as ae 1 / 






/l4 = 2, /I4 = 1, /I4 1 
) J34 ~ -'-) J23 ~ 




/ a'i \ 
-a2as 02 
— a2as + a2a4 — aias ai 02 

\ 03 04 as 1 y 




^4,8 


/24 — Ij /34 = ~1 
,/23 = l 




/ aia2 "^ 
aias ai 

0204 a2 
^ a.a 04 as 1 ) 




A'> 

^4,9 


/l4 = l + &,/l4 = l 
) /34 = ^> /23 = l 




/ ' aioz \ 
—ttia^/b ai 
0204 a2 
\ a3 a4 as 1 / 




^4,9 


/l4 = 2, /24 = 1 
) /34 = 1 ) /2 3 = l 




/ aia4 — a2a3 \ 
a2a6 — aia7 ai a2 
a4a6 — aatty 03 04 

\ as ae ar 1 J 




4,9 


/l4 = /24 = 1 

■ IL = 1 




f 0203 ^ 
ai a2 

(7,3 as a3 

V "1 (' 1 J 




^4,10 


/24 = ~1) /m = 1 
) /23 = 1 




/ a'i + ai \ 
— aia4 — a2as ai a2 
a2a4 — aias — a2 ai 
\ as a4 as 1 y 




Aa 

^4,11 


/i4 = 2a, /24 = a, /24 = — 1 

! /34 = 1> /m = ^) /23 — 1 


/ a'i + a'i \ 

a{aia4)+a(a2a^)+a2a4—aia^ „ n 
a^ + l ^2 ai U 
0(0204)— 0(0105)— 0104—0205 „ „ n 
I ^5+1 «1 

\ as a4 as 1 / 




^4,12 


) /24 = 1 ) /I 3 = l 




f a2 -ai ^ 
ai 02 
—04 a3 1 

^ as 04 1 y 
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Ai = Rotationa;^Boosta;2Boost^zC 



Rotation, 



xy 



Boostr 



Boost 



C 



( cos(ai) sin(ai) \ 

— sin(oi) cos(ai) 

1 





V 

/ cosh(a2) sinh(a2) 
1 

cosh(a2) 





sinh(a2) 








/ 1 








cosh (as) 





sinh(a3) 


Vo 





/ 1 








1 





1 


V 


a4 






sinh(a3) 
cosh(a3) 






1 / 

\ 



1 / 




1 ) 



A2 = Rotationa;2/Rotationa;2Rotationy2C 



Rotation^j, = 



Rotation,. 



Rotation, 



c 





cos(a2) 




\ 

/ 1 
cos(a3) sin(a3) 

— sin(a3) cos(a3) 
\ 

/ 1 \ 

10 

10 

\ 04 / 



/ cos(ai) sin(ai) \ 

— sin(ai) cos(ai) 

10 

\ 1 / 

/ 003(02) — sin(o2) \ 

1 

sin(a2) 






1 / 




1 } 
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1 Introduction 



Calculation of complex structures on homogeneous complex manifolds and especially on Lie groups are important 
from both mathematical and physical point of view. From mathematical discussion the classification of these 
manifolds are based on the determination of the possible complex structures. From the physical point of view 
these structures have important role in the N=(2,2) supersymmetric sigma models [I]. Its shown that the 
N=(2,2) extended supersymmetry in sigma model is equivalent to the existence of biHermitian structure on 
the target manifold such that the complex structures are covariantly constant with respect to torsionful affine 
connections (see for example [2] and references therein ). Furthermore it is shown that the algebraic structures 
related to these bihermitian structure for N=(2,2) supersymmetric WZW models are the Manin triples [3] [4]. 
For these reasons the calculation of the complex and the biHermitian structures on manifolds especially on 
Lie groups are important. Samelson [5] shows that compact Lie groups always admit an invariant complex 
structures . In the non-compact case, Morimoto [B] showed that there always exist invariant complex structures 
on any even dimensional reductive Lie groups. In [7| and [8] complex structure on real four dimensional Lie 
algebra are classified. The method that used in those articles was special and seems not to be adequate for the 
calculation in higher dimensions . Here we give a new method for this purposes, which can be applied for low 
dimensional Lie groups . In this method, by use of non coordinate basis we first transform the Nijenhuis tensor 
on Lie groups to algebraic tensor relations on their Lie algebras. Then by use of adjoint representation we rewrite 
these relations in the matrix form. Finally, we solve these matrix relations by use of maple program. Here we 
perform this work for real four dimensional Lie algebras. Our consequences for some algebra are different and 
complete with respect to [8]. Furthermore, the calculation of biHermitian structure for four dimensional Lie 
algebras are new . The paper is organized as follows. 

In section 2, by use of non coordinate basis we transform the Nijenhuis tensor relation to the algebraic tensor 
relation on Lie groups. Then by use of adjoint representation we write these relations in the matrix form. 
These relations can also be obtained from definition of the complex structures on Lie algebras as endomorphism 
of them. Then, in section 3 by use of maple program we solve these matrix relations to obtain the complex 
structures on real four dimensional Lie algebras. In this process, we apply automorphism groups of real four 
dimensional Lie algebras for obtaining of non equivalent complex structures (table 1). We then compare our 
results with and [S]. Note that here we use Patera etal [3] classification of real four dimensional Lie algebras. 
The list of Lie algebras and their automorphism groups [10] are given in appendix. In section 4, we first 
transform the tensorial form of the biHermitian relations on Lie groups into the algebraic tensorial relations 
on their Lie algebras. In this respect, we define biHermitian structure on Lie algebra independently and give 
a proposition for obtaining non equivalent biHermitian structures. We then by use of adjoint representation 
rewrite these relations in the matrix forms and solve them by use of maple program. Our results for biHermitian 
structure on real four dimensional Lie algebra are new. Some discussions are given in the conclusion. 

2 A brief review of complex structures on Lie groups 

Definition 1: Let M be a differentiable manifold, then the pair (M,J) is called almost complex manifold if there 
exists a tensor field J of type (1,1) such that at each point p of M , = — 1. Tensor field J is also called the 
almost complex structure. 

Theorem : An almost complex structure J on a manifold M is integrable if and only if 

N{X,Y)=Q yX,Yex{M), (1) 

where x(Af) is the set of vector fields on M and the Nijenhuis tensor N(X,Y) is given by 

N{X, Y) = [X, Y] + J[JX, Y] + J[X, JY] - [JX, JY] . (2) 

In the coordinate basis i.e the basis {e^ = 9§7r} and {dx'^} for vectors and dual vectors (forms) respectively 
on M the almost complex structures is expressed as J = J^^e^, ^ dx^ and the integrability condition can be 
rewritten as follows : 

N{X,Y) = X-Y-'[J),^{d^J,^) + J.\dxJ,n - Jx^id.J.^) - J.HdxJ,n]e^ = 0. (3) 
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Meanwhile the relation = — 1 can be rewritten as 

Ja'^ J/ = -Sxr (4) 

Furthermore one can rewrite the above equations by use of the non-coordinate basis {€„} and {9"} for vectors 
and forms on M. For these basis we have 

Ca = Ca'^e^ , e^^ G GL{m,R) , (5) 

where by requiring that {ca} be orthogonal we have the following relation for metric on M: 

9a^ = 9{ea, e/s) = e^^e^^g^^ , (6) 

or 

9ij.i^ = e'^^e^u9ai3 , (7) 

where e"^ is the inverse of vielbein CqJ^ 

e^e^g" = , e«^e„^ = 5/ . (8) 

The dual basis {6*"} are defined by < 9'^,ep >= 5°^^ and we have 6°^ = e°'^dx^ . Furthermore the vielbeins 
satisfy in the following relation: 

fa0^ = e^ie^'^d^ep" - e^'^d^e^'') , (9) 

where in the case M is a Lie group manifold G the fap^,s are structure constants of Lie algebra g of G. Now 
by use of these basis the tensor J = J^'^e^® dx'^ can be rewritten as 

J/ = e'^t.JJep'' , (10) 

where Ja^ is an endomorphism of g i.e. J : g — > g . Now by applying this relation in (4) we have the following 
matrix relations for matrices Ja^: 

J^ = -I . (11) 

Furthermore by applying relations (9) and (10) in tensor equation (3) and use of (8) and assuming that Ja^ 
and ga/3 are independent of coordinates of G, after some calculations we have the following algebraic relation 
for (3) : 

f^a"' + Ja'' J J fps"^ — J/S'^ J J faS + Jff"^ Js^ faa = 0. (12) 

Finally by using of adjoint representations 

//Sc.-^ = -(3^^)/3a , f?o? = -{X?W (13) 

these relations have the following matrix forms: 

y'^jy^ J^" + y J* - J J* = , (14) 

or 

Xo.^ J Xoc J ^ JoP X& J - JoP J X? = ^ ■ (15) 
Note that the above equation can also be obtained from the definition of complex structure on Lie algebra g as 
follows. 

Definition 2: An invariant complex structure on a real Lie algebra g is an endomorphism J of g such that 

a) J2 = -Id, (16) 

b) [X, Y] + J[JX, Y] + J[X, JY] - [JX, JY]=0, VX, F e g . (17) 
Now if we apply {Xa} as basis for Lie algebra g with the following structure constants: 

= fap^Xry , (18) 

and use of the following relation for J: 

JX„ = jJXp , (19) 

then relations (16) and (17) are rewritten as (11), (14) or (15). Now to obtain algebraic complex structures 
Ja^ it is enough to solve equations (11) and (14) or (15) simultaneously . We perform this work for real four 
dimensional Lie algebras in the next section. 
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3 Calculation of complex structures on four dimensional real Lie 
algebras 



Here we use the Patera etal classification [9] of four dimensional real Lie algebras . The commutation relations 
and the automorphism groups of these Lie algebras are given in the appendix 0. Now one can write the adjoint 
representation (j.e y) for these Lie algebras and then solve the matrix relations (11) and (14) for obtaining 
complex structures. We perform this work by use of maple program. Note that in this process one can obtain 
equivalent complex structures; to avoid these and obtain inequivalent complex structure we use the following 
proposition: 

Proposition l[8j ; Two complex structures Ji and J2 of Lie algebra g are equivalent if there exist an 
element A of automorphism group of Lie algebra g (Aut(g)) such that: 

J2 = A Ji A-^ . (20) 

In this way, we perform this work and obtain all nonequivalent complex structures on four dimensional real 
Lie algebras. The results are classified in the table 1 q We see that 21 out of 30 real four dimensional Lie 
algebras have complex structures. To comparison of these results with the results of [H we must firstly obtain 
the isomorphism relations between the four dimensional real Lie algebras presented in [9^ and those presented 
in [S]. According to the calculations 8 and [11^ we have isomorphism relations as the following table: 



iAi 


Ai,! 


^4,2 


^4,3 


A4,4 


^4,5 


,a,b 
^4,6 


A4,7 


^4,8 


^4,9 


^4,10 


^4,11 


^4,12 


04 


n4 


r4,a 


t4,0 


r4 


t4,a,b 


t4,a,6 


[14 


O4 


^4,1/1+b 


04,0 




aff(C) 



A2 e A2 


11® R 


iiimR 


IV ®R 


V®R 


VIoOR 


VIa®R 

(a ^ 0, 1) 


viio e R 


Vila e R 

(a/0) 


^2^2 


rfl3 




rra 




rr3,-i 




^^3,0 


rr3,a 



In this respect one can see that in |8] for Lie algebra VIIo + R one complex structure is obtained but according 

to our calculation this Lie algebra has two non-equivalent complex structures. 

For non solvable Lie algebras VIII + R and IX + R we obtain complex structures. 

In [8], for Lie algebra ^4.8, two complex structures are obtained but here we obtain four complex structures to 
this Lie algebra. 

For Lie algebra A41Q two complex structures are obtained in 8 but according to table l,we obtain four complex 
structures for this Lie algebras. 

In [5], for Lie algebra ^4,12, two complex structures are obtained but here we obtain three complex structures 
for this Lie algebra. 

The results for other Lie algebras are the same as [8]. 



^ Note that for decomposable Lie algebra (L3 © R)we use the Bianchi classification for real three dimensional Lie algebras L3. 
^Note that in this table the basis are showed with {ea} instead {^a} 
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TABLE 1 : Complex structures on four dimensional real Lie algebras 



Lie Algebra 


Complex Structures 


III®R 


Jei = —62 , Jes = 61—64 




Jei = -62 , Jes = -64 


II ®R 


J6i = —64 , J62 = 63 


V®R 


J6i = —64 , Je2 = 63 


viio e R 


J6i = —62 , Jes = —64 


J6i = 62 , Je3 = —64 


Vila ® R 

(a/0) 


T 7 

J6i — —64 , Je2 — 63 


1^61 — — 64 , (7 02 — — 03 


V 1 1 1 -Tt 


T iD ^ — ^ T /- 1 _ ,7-1 „ 1 (n-^ A £3 . n HP \ 

jei — —62 , — 7763 — [I -\- p je4 t^j> t ir^j 


-Z ^ -ft 


Jei — —62 , J63 — pe3 — (L + p )e4 [p t Mj 




J6i = 62 , Je3 = 64 


Atj, (-1 < a < l,a / 0) 


J6i = —64 , J62 = 63 


Ali {-l<a<l,a^O) 

' n 1 


Jei = 63 , Je2 = 64 


A ' 


Jei = —63 , Je2 = —64 


,a,b 
^4,6 

(a / 0, 6 > 0) 


Jei = 64 , Je2 = 63 


Jei = 64 , Je2 = —63 


^4,7 


Jei = 62 , Je3 = —64 


^4,8 


Jei = 62 , Jes = 64 


Jei = -63 , Je2 = —64 


Jei = 62 , Je3 = 62 + e4 


Jei = -(ei + 263) , Je2 = -(61 + 62) - 2(63 + 64) 


AU 
(0<|6|<1) 


Jei = -be2 , Jes = 64 


Jei = —('3 . Je2 = —64 


^4,9 


J('l = —(':>, . J('2 = ^< i 


Jei =64 , Je2 -63 


Jei = —64 , Je2 = —63 


^4,9 


Jei = —63 , Je2 = —64 


^4,10 


Je2 = -61 + 63 , J63 = -ei -62 + 63 + 64 


j62=ei+63 , Je3 = -61 - 62 - 63 + 64 


Je2 = -ei-e3 , J63 = 61 + 62 + 63 - 64 


Je2 = — 61 — 63 , J63 = — 61 + 62 — 63 + 64 


Aa 

^4,11 

(a> 0) 


Jei = 64 , Je2 = —63 


Jei = 64 , Je2 = 63 


Jei = —64 , Je2 = —63 


Jei = —64 , Je2 = 63 


^4,12 


Jei = 62 , Jes = 64 


Jei = -62 , J63 =^ 64 


Jei = 64 , Je2 = 63 
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4 BiHermitian structures on four dimensional real Lie algebras 

Definition 3 |1] [2] :// the manifold M has two complex structures J± such that these are biHermitian ,i.e 
Hermitian with respect to both complex structures 

4 = -1 , (21) 

iV^."(J±) = , (22) 
J±ii^ 9Xv J±v^ = 9^i.v, (23) 

where g^i, is the metric on M , and furthermore these complex structures be covariantly constant with respect to 
certain connections , respectively 

such that ^ 

= ± T^i, , (25) 

where T^^^ is the C'hristofel connection for the metric g and the torsion is given by 

T^/ = H^,^g'^\ (26) 

so that Hf^^ri is antisymmetric tensor ; then it is said that M has biHermitian structure and is shown by 
{M,g,J±). 

Using (24) the integrebility condition (22) may be rewritten in tlie following form pi: 

H&v\ = J±S'^ J±p''Hap\ + J±S^J±\'^Hcrpv + J±v'^ J±\''HapS ■ (27) 

Furthermore by introducing the Kahler forms 

^^pf = gpu J±u\ (28) 

and by use of (24) one can find 

{duJ±)ppi, — ±{HappJ±i, + HapiyJ±p + HaupJ±p), (29) 

where ^ 

(dw±)Acr7 = -j^{dxt^±a'i + dai^±^x + d^UJ±Xa)- (30) 

Finally by use of (28) and (29) one can find 

H^vp = ~J^pJ1^,J^p{duj+)xcrj — —J^p^J"_j^Jlp{dio^)\a~f. (31) 

In this respect, the target manifold {M,g, J±) is said to have biHermitian structure if two Hermitian complex 
structures J± satisfy the relation (31) (i.e relation between ( J+, w+) and ( J_, w_)) defining the torsion H. Now 
for the case where M is a Lie group G in the similar way of section 2 one can transform relations (21) — (24) 
and (27) to the algebric relation by using the relations (7) — (9) and the following relations: 

Hpyp =^ —L'^pL^^L'^pfafjy — —R^pR^uR^pfapj, (32) 

J+p" — R°' pJa'^ Rfl" , J-p" — p^Ja'^ Lfj" , (33) 

where L°' p{R" p) and Lp'^{Rp'^) are left(right) invariant vielbeins and their inverses respectively. Now by using 
these relations , (23) and (27) transform to the following matrix relations: 

JgJ'^g, (34) 

= JiHpjJ) + JH^J' + {HfijJ)j\ (35) 
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where {Ha)(j-y = Hap^. Furthermore by using the fonowing relations: 

V" ^a'' = -^(-/a^"^^ - /"^a + + T''^^ + i?/i?/Va5''^ + R^' 5./^ - ^''^ V" 5a/3), (37) 

and by assuming that g^p are coordinate independent; the relation (24) transforms to the following algebraic 
relatior0: 

J{H^ - Xa9) = (J(i?a - Xc.9)Y. (38) 
Note that the metric gap is the ad invariant metric on Lie algebras g .i.e. we have 

{Xa,Xp)=gaf,, (39) 

{Xa,[Xp,X^]) = {[Xa,Xp],X^), (40) 

or in matrix notation we have 

Xag = -ixagf- (41) 

Now, one can obtain biHermitian structures on Lie algebras by solving relations (11), (14), (34), (35), (38) and 
(41) simultaneously. These relations can be applied as a definition of algebraic biHermitian structure on the 
Lie algebra g ; 

Definition 4: // there exist endomorphism J : g ^ g of Lie algebra with ad invariant metric g and anti- 
symmetric bilinear map : g ig) g — > g such that the relations (11), (14), (34), (35), (38) and (41) are satisfied, 
then we have biHermitian structure {J,g,H) on g. 

Note that relation (35) is equivalent to matrix relation of integrability condition i.e relation (14) . For this 
reason, first it is better to obtain algebraic complex structures J, then solve relations (34), (38) and (41) and 
finally check them in (35). We perform this work for real four dimensional Lie algebras by use of maple program. 
Note that as in the case of complex structures to obtain non equivalent biHermitian structures we propose the 
following proposition: 

Proposition 2 ; Two biHermitian structures {J,g,H) and (J,g,H) of Lie algebras g are equivalent if 
there exist an element A of automorphism group of Lie algebra g(Auto g) such that: 

j'=AJA-\ (42) 

g = AgA\ (43) 
< = A{HpAj)A'. (44) 



Proof: By use o/(14), (34) and (35) one can see that if (J, g, H) is a biHermitian structure then [J ,g ,H ) 
is also biHermitian structure and satisfy in those relations. 

Note that in the case that /^-y" = Hspjg^" or H is isomorphic with / i.e if there exist isomorphism matrix C 
so that 

Cr"C* = Yl^Cp°', (45) 

where (F")^^ — —fp-y" and (F")^^ — —Hsp-yg^"; then {J,g,H) shows the Manin triple structure on g[4]. In 
this way biHermitian structures on real four dimensional Lie algebras are classified in the following table . Note 
that according to the table 2 for Lie algebra ^4^8 we have two nonequivalent biHermitian structure {J,g,H) 

^Note that in these relations all algebraic (target) indices are lowered and raised by (S/ji^); furthermore these indices transform 
into each other by La>^{Ra'^) or ^(R" p). The symmetrization notation have the following form: fa^P'^^ = fa'''^ + fa^'' ■ 
^This relation can also be obtained from algebraic form of (31). 
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where the second biHermitian structure shows the Manin triple structure of A^^g, [4] (i.e ^4,8 is a Manin triple 
of two dimensional Lie bialgebras (type B and seniiabelian)[12]) for the following values of parameters: 

Cl = C2 = C3 = C4 = C5 = Cg = C7 = Cg = Cio = Cii = Ci3 = C14 = , C12 = C15 = -1. 

For Lie algebras VIII © R there is one biHermitian structure where this structure for the values 

rfi = c?2 = (^4 = c?5 = d-j ~ df, = dio = dii = di2 = dn = di^ = dig = , dg ^ , d^ = — rfg = a, 

is isomorphic with two dimensional Lie bialgebra type A |12) . There exist one biHermotian structure for 
Lie algebra IX ® R. The results are given in the table 2. Note that the isomorphism relation (45) (i.e. the 
biHermitian structures which shows Manin triple) are independent of the choice of special biHermitian structures 
from equivalent class of biHermitian structures. In this way if relation (45) holds ; then by use of F " = —H^g ''^ 
and relations (44) and (45) one can show that 

{AC)Y'<{ACf = y "(AC)„^. (46) 



TABLE 2 : biHermitian structures on four dimensional real Lie algebras 



Lie Algebra 



Complex Structures 



antisymmetric tensor 



A. 



4,8 



Hi = 



/ 1 \ 

-10 

1 
\ 0-10/ 



/ 1 \ 

0-10 
0-100 

\ 1 y 



Ho 



H. = 





-bi 

-1 



-64 
-65 

66 



Ha 



1 



V 



-68 
-69 
610 


-612 
-613 
+ bi4 



bi 


-b2 
-1 

64 


-be 

68 



-610 

-l-6g 
612 



-614 
-613 



1 

62 

-bi 
65 
be 


-67 
69 
610 


-611 

613 

614 



-615 



-62 

1 

63 



-be 
65 
67 


-610 
1 + 69 
611 


-1-614 
613 
615 




J = 



r 





-1 


' \ 











-1 


1 











Vo 


1 





/ 



.9 = 



/ -1 \ 

10 

10 

\ -1 / 



Hi 



H2 = 



H. 



H. = 



V , - 





-ci 

-C2 
-C3 

■ 

C5 + 1 
C7 



-eg 
-cio 
-cii 





-Cl3 
-Cii 
-Cl5 



Cl 



-C3 

-C4 - 
C5-I 



-C7 
-C8 

cg 


-cii 
-C12 

Cl3 



1 - Ci5 
-C16 



C2 
C3 




C3 

C4 
Cl 





C6 
C7 



-C5 



C8 



C5 



Cio Cii ^ 
Cll C12 
C9 
-eg 

Ci4 
1 + C15 



-Cl3 



Cl5 \ 

C16 
Cl3 

/ 
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Lie Algebra 



Complex Structures 
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antisymmetric tensor 



VIII © R 



J = 



r 


-1 







1 




















-1 







1 


/ 



9 = 



( -a \ 

-a 

a 

\ a/ 

a e i?- {0} 



Hi 



Ho = 



H. = 



H. 





-di 
-d2 
d^ — a 


-dg 
dj ^ 

( 

-diQ 

dii 


-diz 
-di4 
V di5 



di 


-d2 

d5 

-dr 
'de — a 
dg 


-dii 
-diQ 
di3 


-di5 
-di4 



d2 
ds 


-di 
de 
d7 

-rfs 
dm 
dii 


dii 
di5 




-da + a 

d2 
(i4 


-d7 
de + a 
ds 


-dii \ 
dio 
di2 


-di5 
dii 
die 




IX ®R 



/ -1 \ 

10 

-1 

V 1 y 



/ ^ \ 
0^00 

0/30 

\ /3 / 

/3 e i?- {0} 



Hi = 



Ho 






-h 






-/2 



/2+/3 -fi - 



H. 



Hi = 





-u 
-h 

V h 

( 

h 

h 

V /lO 



-/l2 
-/l3 
/l4 



/ 



h 



-/e 

/8 



—fw 

-h 



-/l4 
^/l3 



/l 
/2 



/3 
h 
h 



-/y 
h 

/lO 



-/ii 

/l3 
/l4 



^/l5 



^/2-/3 

/l 

h 



/7 



-ho \ 
h 

hi 



-/l4 ^ 
/l3 
/l5 




5 Conclusion 

We give new method for calculation of complex and biHermitian structures on low dimensional Lie algebras. 
By use of this method we obtain complex and biHermitian structures on real four dimensional Lie algebras. In 
this manner one can obtain these structures on Lie groups by use of veilbins . Some biHermitian structure on 
real four dimensional Lie algebras are equivalent to Manin triple structure that have been obtained previously 
[12j . One can apply these methods for obtaining of complex and biHermitian structures on real six dimensional 
Lie algebras [13]. 
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Appendix A 

Real four dimensional Lie algebras and their automorphisms groups [9]. |10] 



TABLE A: Classifications of four dimensional real Lie algebras 



Lie Algebra 


Non Vanishing 
Structure Constants 


Automorphisms group 








III(SR^ (A2©2Ai) 


/i 2 = ^ 1 1 /i 2 = ^ 1 
I /1 1 — 1 ' /1 1 — 1 


/ 

V 


1 ai 82 03 
as 84 — ag 
a4 85 ag 
ay —ay ag 


\ 
/ 




/i 2 = 1 ; /34 = 1 




/ 1 ai \ 
a2 
1 as 

\ a4 / 




II® (Aa,! © Ai) 


/I3 = 1 




a2ar — a^ae ^ 
ai 02 03 04 
as ag ay ag 
\ ag ain y 




IV (^3,2 ® Ai) 


/i 2 — ^ 1 ' /i 2 — 1 ' /i 3 = ^ 1 




/I ai 02 a3 \ 
a4 as 
a4 

loo ag / 




V®R'^ {A3^3®Ai) 


/f2 = = 




/ 1 ai a2 a3 \ 
a4 as 
ag ay 

loo ag / 




VIo^R"^ {AsaOAi) 


/l3 — 1 ! /23 — 1 




/ a2 ai \ 
ai a2 
a3 a4 1 as 

I ag / 




VIa®R^ {Al^®Ai) 


/f2 = -«,/f2 = -l 




/ 1 ai a2 a3 \ 
as a4 
a4 as 

\ ag / 




VIIo(BR^ (^3,6 ©^1) 


/23 = 1 1 /l 3 = ^ 1 


/ 


' as -ai ' 
ai a2 
a3 a4 1 as 
ag ^ 


\ 
/ 


Vila ® i? = {Al^ ® Ai) 


,/f2 = -fl,/f2 = l 




1 ai a2 a3 
as — a4 
a4 as 
^ ag ^ 


/ 
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TABLE A: Classifications of four dimensional real Lie algebras 



Lie Algebra 


Non Vanishing 
Structure Constants 


Automorphisms group 


(^3,8©^i) 


fii = 1 1 /l 2 — ^ 1 1 /Is = 1 


Ai 


IX ®R^{A3,9®Ai) 


/si = 1) /l2 = 1) /23 = 1 


A2 


^4,1 


/24 = 1) /34 = 1 




/ a^as 
0207 0307 
ai a2 as 


/ 


Aa 
^4,2 


/l4 = ^) /24 = 1 
) /m = 1) /34 = 1 




/ ai \ 
aa 
a2 03 

\ a4 Uf, 1 / 




^4,2 


/l 4 = 1 1 /24 = 1 
) /34 = 1) /34 — 1 




/ ai aa \ 
as 
as 04 05 

\ afi a? as 1 / 






/l4 = 1) /34 = 1 




/ ai \ 
a2 

aa 02 
V a4 ats Ofi 1 / 




A4,4 


/l 4 = 1 ) /24 = 1 ) /24 = 1 
) /m = 1> fti = 1 




/ aa \ 
a2 as 
ai 02 03 

\ 04 05 oe 1 / 




Aa,b 
^4,5 


/l4 ~ /24 ~ 

,fl4 = b 




/ oi \ 
02 
os 

y 04 05 og 1 y 




J a, a 
^4,5 


fl4 = 1 ; /I 4 = 

, /34 = a 




/ oi \ 

02 Os 

04 05 
\ oe 07 as 1 / 




Aa,l 
^4,5 


fl4 — 1> /24 = 
,/l4 = l 




/ 01 02 \ 
aa 
04 05 

y 06 07 as 1 / 




^4,5 


/l4 = 1) /24 = 1 
,/l4 = l 


/ 

V 


oi 02 oa 

04 05 Oq 

07 Os 09 
oio Oil ai2 1 


\ 
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TABLE A: Classifications of four dimensional real Lie algebras 



Lie Algebra 


Non Vanishing 
Structure Constants 


Automorphisms group 


Aa,b 
^4,6 


/l4 ~ ^) /24 ~ ^' ~ ~^ 




/ ai \ 
aa -a2 
02 03 

\ a4 as ae 1 / 






/l4 = 2, /I4 = 1, /I4 1 
) J34 ~ -'-) J23 ~ 




/ a'i \ 
-a2as 02 
— a2as + a2a4 — aias ai 02 

\ 03 04 as 1 y 




^4,8 


/24 — Ij /34 = ~1 
,/23 = l 




/ aia2 "^ 
aias ai 

0204 a2 
^ a.a 04 as 1 ) 




A'> 

^4,9 


/l4 = l + &,/l4 = l 
) /34 = ^> /23 = l 




/ ' aioz \ 
—ttia^/b ai 
0204 a2 
\ a3 a4 as 1 / 




^4,9 


/l4 = 2, /24 = 1 
) /34 = 1 ) /2 3 = l 




/ aia4 — a2a3 \ 
a2a6 — aia7 ai a2 
a4a6 — aatty 03 04 

\ as ae ar 1 J 




4,9 


/l4 = /24 = 1 

■ IL = 1 




f 0203 ^ 
ai a2 

(7,3 as a3 

V "1 (' 1 J 




^4,10 


/24 = ~1) /m = 1 
) /23 = 1 




/ a'i + ai \ 
— aia4 — a2as ai a2 
a2a4 — aias — a2 ai 
\ as a4 as 1 y 




Aa 

^4,11 


/i4 = 2a, /24 = a, /24 = — 1 

! /34 = 1> /m = ^) /23 — 1 


/ a'i + a'i \ 

a{aia4)+a(a2a^)+a2a4—aia^ „ n 
a^ + l ^2 ai U 
0(0204)— 0(0105)— 0104—0205 „ „ n 
I ^5+1 «1 

\ as a4 as 1 / 




^4,12 


) /24 = 1 ) /I 3 = l 




f a2 -ai ^ 
ai 02 
—04 a3 1 

^ as 04 1 y 
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Ai = Rotationa;^Boosta;2Boost^zC 



Rotation, 



xy 



Boostr 



Boost 



C 



( cos(ai) sin(ai) \ 

— sin(oi) cos(ai) 

1 





V 

/ cosh(a2) sinh(a2) 
1 

cosh(a2) 





sinh(a2) 








/ 1 








cosh (as) 





sinh(a3) 


Vo 





/ 1 








1 





1 


V 


a4 






sinh(a3) 
cosh(a3) 






1 / 

\ 



1 / 




1 ) 



A2 = Rotationa;2/Rotationa;2Rotationy2C 



Rotation^j, = 



Rotation,. 



Rotation, 



c 





cos(a2) 




\ 

/ 1 
cos(a3) sin(a3) 

— sin(a3) cos(a3) 
\ 

/ 1 \ 

10 

10 

\ 04 / 



/ cos(ai) sin(ai) \ 

— sin(ai) cos(ai) 

10 

\ 1 / 

/ 003(02) — sin(o2) \ 

1 

sin(a2) 






1 / 




1 } 
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